
 HCmodules quantizations

1 Quantization of singular symplectic varieties
2 Quantization of singular lagrangian subvarieties

1 Quantization of singular symplecticvarieties

Setting A A fingen'd commutativegradedalgebra E
H YStsi filtered assoc algebra w.gr A

Asi Steig t i j Poissonbracket en gr It by
atAsi be j 963 sign
If A already had Poisson structure andthe isomorphism

is Poisson say It is a filteredquantization of A
Set X Spec A and assure
la A E

16 X is singular symplectic a number ofconditions
incl X'd is symplectic X is normal codim Xsing 2

Examples

p
of singular symplectic varieties



g is s simple lie algebra Acotis nilpotentorbit
A ELO X normalization of OT w i Kirillov

Kestant form grading from find by rescaling
Important generalization

A ALOT O is Gequivariant cover of 0

ofquantizations Acot isprincipal X N nilpotent cone
Centerof Utoy I 6155 Xe5W max idealmycenter

HyUlg VlogMy is a flt quantization of A Glx

Thm I L 2016 Under a 1161 have fin dim vectorspace
by w action of finitegroup Wy s t
filteredquantizations of A iso btw

Y
Example cen't byb WiW24 alg Vlogmy

Remarks 1 When A Old or 0103 hacts on any

quantization
w distinguished quantum comomentmap Ulg A



in the exampleabove this is theprojection Ucg Ay
In particular any H

module is also a Mlg module

2 The quantization Sto is calledcanonical For A coil
Ker Vlog Ad is called the unipetent idealassociatedto O they generalize special unipetent ideals of
Barbasch Vegan LMBM21 Fromhere weget definitionsof
unipetent HC modules in a number of cases

2 Quantization of singular lagrangian subvarieties
We'd like to understand certain simple modules54 over

quantization If Ha of ax
Goodfiltrations M is fingen'd f module Agood

filtration on M is e filtration M YMaj s t
AsMaj Msij
grM is fingen over gr A

Such a filtrationexists but is non unique
I



I Ann gr54
depends on filtration but ifdoesn't Y SpecAlt

Ceisotropic subscheme Gabber's thm I I CI

Assume

lil Y isgenerically reduced Y Y AAresis dense in Y

is Lagrangian

Examples 9 I is singular symplectic X 1 1 P
opposite

bracket Y Xdiag Y Y Luantins of X ftp Y M's

satisfying i are called Harish Chandra ftp.stxibimedules

Example of 54 regularGimoduleHawdefaultfiltration

17 71

2 X Spec010 g't tag symmetric subalgebra
Y p lg E Y Only87 finunion of K orbits
M satisfies i Ea M is leefin M is Hc AyElmodule

If Ulg Sta true eg for Id then t

HC log t module killed by Ker hasgoodfiltration w i

H



grM comes w additionalstructure compare to 3 ongusty
he Asi W atAsi EI meMaj amEMsign Liealgebra
action of I on grJU of deg 1 factors through I I'le
Ceh Y III ly Ty

grSully is a twisted localsystem on Y whose twist

is recovered from the quantizationparameter leg for cane

nical quantization it's halfcanonical In Example 1 it's
O if 7 12 In known situations e.g Examples 1421 tw
local system structure on gruly is uniquely recovered
from 54

Assume further

in M is irreducible

Question Can one recover 54 from Y L grsully
In Example 2 this will give Orbitmethod

To answer this we should impose

gyri
cedimy Y 2



In Ex 1 iii is the case always In Ex 2 this is the case

if ceding Old 4 in lg E ed is lagrangian t d l

Hopes Thms in Ex's 01221

M is irreducible e L is irreducible

N M irreducible L La

Existence for irreducible twisted fecalsystem L is there

irreducible 54 s t GrM ly L say Mquantites L

Thm P I L 2018

Let X 1 1 YDiag St Stefan Then I
fo Hayes finitegroup s t for localsystem L TFAE

F H bimodule M quantizing L
The monodromy of L is trivial en f

In almost all cases one can compute f from A

example
N F Ares 2 G



Thm 2 I L S Yu inprep K symmetric subgroup in G
cg't w coding 101 4 X Spec 1403 7 ji lg Et

Every suitably twisted fecal system on Y is quantized

by a HC A k module

Remark

The idea of theproof is to test whether a local

system is quantized by restricting it to slices in X
ofdim4 to cedim 2 strata in Y

We can describe all such slices in settings ofboth
Thms Essentially once Llsee is quantized by amodule
over a quantization of the slice then so is L

Il


